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Fluctuations Around the Boltzmann Equation
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For a system of hard spheres we prove the convergence of the second moment
of the fluctuation field in the low-density limit. This extends a previous result by
van Beijeren, Lanford, Lebowitz and Spohn(! to nonequilibrium states.
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1. INTRODUCTION TO THE PROBLEM OF FLUCTUATIONS

We consider a system of hard spheres of diameter € and unit mass inside a
bounded region A C R®. The hard spheres collide elastically amongst them-
selves and are specularly reflected at the boundary of A. In essence this
prescription defines the dynamics of hard spheres. We denote the corre-
sponding flow by TS acting on the grand canonical phase space T’
= U ,5o(A X R3y". If x €T stands for the initial positions and momenta of
the particles, then 7 x are the positions and momenta of the particles at the
time ¢. We assume that the initial state of the system is given by a
probability measure p® on I which is absolutely continuous with respect to
the Lebesgue measure. (In I' there are configurations for which spheres
overlap. Initially, and therefore at any other time, probability zero is
assigned to these configurations. There are also other configurations lead-
ing in the course of time to grazing and triple collisions. For these T}
remains undefined. As to be discussed in the following section they form a
set of measure zero with respect to p<.)

We want to understand the macroscopic behavior of the hard sphere
gas at low density. In this regime it is natural to study the number n(A, 1)
of particles in A at time ¢, where AC A XR>® is some region of the
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one-particle phase space. For given initial conditions n(A,f) is some
well-defined integer. However, since we assumed a distribution of the initial
conditions according to the probability measure p%, n°(A,f) has to be
considered a random variable on (T, ). Note that the randomness enters
only through the initial conditions. The dynamics is deterministic.

Let x; =(g;, p;) stand for the position and momentum of the jth
particle and let x, denote the indicator function of the set A.

Then, with n(4,0) = n*(4),

nA)(xp, ey X,) = jéle(xj) (L.
and
ne (B, 1) (Xps -, x) =[n(Q) o TF](xp, . - ., x,)
=n B[ T(xp -+ » %) ] (12)

Both physically as well as mathematically it is convenient to consider a
somewhat wider class of random variables. Let f: A X R*— R be a bounded
and measurable function on the one-particle space. Then we define

X(F) (ks 3) = il £%) (13)

on (T, u) and
X(L)=X(f)-T¢ (14)

The collection of random variables {X*(f,7)|f € L=(A X R®), € R}
is a generalized random field over A X R® X R.

Often, a fixed countable partition {4, |i € N} of the one-particle space
is introduced by the argument that physical measurements have only a
finite resolution. This construction is physically rather artificial and in fact
unnecessary. What one really wants to study is the number of particles
n(g, p,t) at the point (g, p) E A X R? at time ¢ considered as random
variables. Then n*(g, p,?) is a random field over A X R® X R. Since n%(g, p,
1) is a distribution rather than a function on T' we follow the common
practice to integrate n°(q, p,¢) over an arbitrary test function f in order
to obtain the well-defined random variables X“(f,1) = [dgdpn°®(q, p,0)f -
(g, p)-

! PWe want to investigate the structure of the random field X*(f,7) at low
(volume) density. As discussed before(>® the proper scaling is the Grad
limit

diameter = ¢

particle density~e 2
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with € > 0, which implies a constant mean free path and that the fraction of
volume occupied by spheres is proportional to e. The increase of the
particle density is a condition on the initial measure p*. We denote the
average with respect to u¢ by (- >.. Then Lanford® has proved, under
suitable assumptions on ¢ (cf. Section 2), the following theorem: If at t =0

imeX“(f))e= [ dgdpr(q. )f(q. P) (13)
and
lime“{ (X<(f)"), = (X“(/))e} =0 (16)
then also for || < ¢,
lime2(X“(f.1)) = [ dgdpr(q. p.0)f(4: ) (1.7)
and
lime{ (X(f,0)") = (X“(f1))i} =0 (18)

r(q, p,t) is the solution of the Boltzmann equation with initial conditions
r(q, p), which are defined through (1.5). For negative times the sign of the
collision operator in the Boltzmann equation has to be reversed. ¢, depends
on the sequence of initial states. The restriction |f| < t, is believed to be of
a technical nature.

Lanford’s result means that the distribution of €2X °( f, ) converges to a
é function concentrated at [dgdpr(q, p,)f(q, p). For low density the
random field e2X *( f, ) becomes deterministic and its evolution is governed
by a nonlinear field equation on the one-particle phase space.

Given Lanford’s result the formulation of the fluctuation problem is
obvious. One defines the fluctuation field

£ =X (L) - (X ()] (1.9)
and one would like to know whether
mg“(f,1) = §(51) (1.10)

exists.

One part of the problem is to guess the structure of the limiting field.
Quite generally, it is assumed that the limiting field is Gaussian. Then the
problem is reduced to finding the covariance of £(f, 7). If p© is a sequence of
grand canonical equilibrium states with fugacity z, = €% and inverse
temperature 3, then the correct covariance may be guessed through the
knowledge of the stationary state. (This is often referred to as the fluc-
tuation-dissipation theorem.) If p* is a sequence of nonequilibrium states,
then the problem is more subtle. A careful formal discussion may be found
in a recent preprint by Cohen and Ernst(® with references to earlier work.
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To uncover the structure of the limiting field is not a purely academic
problem. Light-scattering measurements allows us to measure density fluc-
tuations with great precision. In this connection the correct prediction for
the fluctuations in a low-density gas in a steady heat-transporting state has
caused some discussions recently.’~'V

The fluctuation problem is well known from other dynamical systems.
Braun and Hepp'? studied an interacting particle system in the mean field
limit. The properly scaled number of particles in some region of the
one-particle phase space is governed by the Vlasov equation. They prove
the existence of a limiting fluctuation field and show that this field is
Gaussian. The fluctuations present in the initial state evolve deterministicly
according to the linearized Vlasov equation. The mean field limit of
quantum mechanical models has been studied by Hepp and Lieb.('> The
limiting fluctuation field is a free Bose field in vacuum.

For stochastic models there are many examples for the kind of
fluctuation problem considered here. To mention only some of them: the @
expansion of van Kampen'¥ and its rigorous treatment by Kurtz,!®
stochastic Ising models as studied by Holley and Strook,"® and stochastic
models for chemical reactions as discussed by Nicolis and Prigogine‘!” and
rigorized by Arnold and Kotelenez.('®

Let us point out that equilibrium fluctuation theory also follows the
above scheme. Away from phase transitions, the distribution of intensive
observables, as the energy per volume or the number of particles per
volume, tends to a & function at a point determined by the free energy per
unit volume. Their fluctuations are Gaussian and are determined by
suitable second derivatives of the free energy.

For the Boltzmann equation the convergence of the second moment of
the fluctuation field for a sequence of grand canonical equilibrium states
with fugacity z_ = €% and inverse temperature 8 has been proved in Ref.
1. Here we prove the convergence of the second moment of the fluctuation
field at unequal times for a sequence of nonequilibrium states. In both
cases it can be proved that in the limit € & 0 the third moment vanishes and
that the fourth moment converges to pairings of the limiting second
moments as should be the case for a Gaussian random field. The conver-
gence of higher moments has not yet been investigated in detail. Under
sufficiently strong assumptions on the initial state Gaussian fluctuations
seem to be plausible.

2. HARD SPHERE DYNAMICS: LOW-DENSITY LIMIT

The dynamics of hard spheres is particularly simple, since the collision
time is zero. On the other hand there are certain exceptional initial
conditions for which the dynamics remains undefined. For example, if
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three spheres touch each other it would be unwise to find a constructive
rule for how to continue the dynamics through such a triple collision. A
careful discussion of the dynamics of hard spheres may be found in the
thesis of Alexander!” (cf. also Aizenman(®®). We will establish here just
some notation and quote some results which will be needed later on.

We assume that A is a bounded region of R* with smooth boundary
dA with a curvature strictly bounded below and bounded above by € 1. Let
T', = (A X R®)". The allowed phase space is

T(e)={xp....x, EL[lg—gl>elg~ql > /2
qEI, ix+j=1,...,n}

We define a mapping x € 9T ,(¢) to x’ € ', (¢) relating the phase
point x after the collision to the phase point x’ before the collision. Let
x=(x...,%,) €A, () If either |q;—q|=¢, |g— qf] =€ or lq: — gl
=¢/2, g, — qj|==eforqEBA,i#j7&k= 1, ..., n, then x’ is not defined
(triple collisions). Let /i(g) be the inward normal to dA at g and let & be a
unit vector in R, & € S% If either g=¢q;+ed and &-(p;—p)=0 or
g, = q + (¢/2)fi(q) and 7(q) - p; =0, then x’ is not defined (grazing colli-
sions). For a pair collision between particle i and j, x and x’ are related by

x; = (4 Pr)» X, = (q; + €, p))
x; = (g p}) xjf =(q; + ecﬁ,pjf)
with &+ (p; — p;) <0 and
pi=p—[o (n—p)lé
7= Pj"'[‘:"(Pi_i’j)]‘:J
If&-(p;—p) >0, then x; = x{, x; = x/.

For a specular reflection of particle i at the boundary x and x’ are
related by

@2.1)

X = (g p) X =(45pi)
with 7i(g) - p; > 0 and
pi=p—2[#(9) pi]A(q) (22)

If A(q) - p; <0, then x; = x].

The flow T is now constructed in the obvious way. It will turn out to
be convenient to define T, as continuous from the future. For ¢ > 0, let
x(~0=0(q, — pit, P> - - - » 4, — P!, P,) according to the free motion. Let
t, > 0 be the smallest time such that x(—¢,) € 8T, (¢). Then T¢ ,x = x(—1)
for 0 < ¢ < ¢,. If x'(—¢,) is defined, then x'(— ¢, — ) = q,(— ;) — pi(—1))¢,
Pi(—=1t)s - . o5 gu(— 1)) — pr(—tDt, pr(—1y). Let ¢, be the smallest time such
that x’(— ¢, — t,) € 9T ,(¢). Since x'(—¢,) points to the exterior of T ,(e),
necessarily £, > 0. Then T, , ,x = x'(—¢, — ) for 0 < t < t,, etc. By this
construction 7¢ x is defined until a grazing collision or a triple collision is
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reached. Let T > 0. Then
Fe,T)={x €T ,(e)| T<,x is defined for 0 < r < T’}
Alexander'® proves that T, (e)\T, (¢, T) has Lebesgue measure zero.

We impose now conditions on the initial measure p¢. We assume that
p is absolutely continuous with respect to the Lebesgue measure, i.e.,

pe(dxy, ..., dx)=fi(xp ..., x,,)% dx, - - - dx, (2.3)

Then f;o T¢, = fi(t), defined on T, (e, ¢), are the densities of the time-
evolved measure p¢ o T¢ . The correlation functions corresponding to this
measure are defined by

c - 1 «
pn(xh R xn7t) = z mfdxn+l e dxn+m n+m(xl7 st xn+m9t)
m=0 """
(2.4)

on T',(e 7). For the Grad limit it is convenient to consider the rescaled
correlation functions defined by

ri(1) = €"ps(1) (2.5)
We will use the vector notation »°(¢) = (r§(1), r{(?), . . . ) for the sequence of

correlation functions and we set #¢(0) = r*.
Let hg be the normalized Maxwellian,

hg (%)) = (B/2m)> exp(— 1 Bp})-

Then we assume the following.
(C1) There exist constants M, 8, and z such that

Fi(Xp ooy X,) < MJI__I1 {zhg(x;)} (2.6)

onl,(e)foralln=12,....

Note that (C1) implies a corresponding bound on f:(¢) and 7, (¢), how-
ever, with a constant M(e) = M exp(e™z).

Let S;(f)r,=r,o T<, be the group induced by the dynamics of n
spheres. Let C;,, be the collision operator defined by (C;,r), =
8, Cyy17ns 1 and

Gt =B s
X&-(pn+l—;;j.)r,f+l(x1,...,qj,pj,...,qj+€¢3,pn+l) )

Then Lanford proves that on I, (e, )
Pe(X1s oo X ) = [ Se(DE] (%15 - -+ 5 %)

+J;tdsS,f(t— N Crorrir® ] - -0 %) (28)
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Iterating (2.8) yields the perturbation expansion

oo
nn=3 [ dty -+ di, S§(1 = 1))
M 0Y0< <1<t
XCovi o CromSnsm(E)nsm 2.9

(2.9) is valid for all times. In fact (2.9) is a finite sum because of the hard
core exclusion. Because of the Maxwellian bound (C1) we may manipulate
(2.9) freely as long as € > 0.

We are now in a position to make precise the low-density behavior,
€—0, of the correlation functions r£(¢). Let S,(f)f = fo T"), where T is
the flow corresponding to n free particles inside A with specular reflection
at dA. Let

fn(t) = {xl, oo X, =x €T, | q(s,x) # g(s,x) for 0 < s < rand
i#j=1,...,n, where g(s,x) = qj(T(_”s)x)}

Points in f‘n(t) do not lead under the free motion backwards in time to a
collision between any pair of particles, regarded as point particles. Let the
limiting collision operator be defined by

(Cn+1r)j= anan+1rn+l
and
(Cn+1rn+l)(x1’ LR xn)

n

f APy 1 dEG" (Prr1 — P)
j=1 O (Par1—p) >0 (2 10)
X [reei(®s o5 @ s o5 G Pas)

“Tp(Xp oo G Py e s ‘Ian+1)]

To ensure the existence of the Grad limit e > 0 in addition to (C1) we have
to impose the following.
(C2) There exists a function r, on I', which is continuous and continu-
ous through specular reflection at dA such that for some s > 0
Zi_r;(x)r,f= r, (2.11)

uniformly on compact sets of f‘,,(s) foralln=1,2,....
Theorem (Lanford). Let (Cl) and (C2) be satisfied. Then for
0<t<ty=1tyz, B)= 0.1\/§/z,

lim (1) = r, (1) 1)
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exists uniformly on compact sets of f,,(t +5). r,(¢) is continuous and
satisfies (2.6) with some M’,z’, B’. In this class of functions 7,(¢) is the
unique solution of the set of integral equations

r(t) =Sy, + [(dsS,(t— $)C,oiruir(s)y nm=0,1,... (213
(1 (‘ass, )

3. SECOND MOMENT OF THE FLUCTUATION FIELD

From now on we assume that A is a box with periodic boundary
conditions (= torus). So points in dA X R are identified in the obvious
way. We should distinguish this notationally as (A X R®) but we
will not do so.

For the existence of the second moment of the fluctuation field we
need stronger assumptions on the correlation functions of the initial state.

(F1) There exist constants M’,z’, 8’ such that for all m,r > 1

periodized»

|e—2[ Faom(Xps o oo Xpim) = (X1« o o s X)) (Xgps o o+ s xn+m)]l
n+m
<M H {Z'hg(x))} (3.
j=1

Note that there is no hope for (3.1) being satisfied outside T, ().
(F2) There exist continuous functions 7: A X R*—> R and & : (A X R%)?
- R such that for all m,n > 1,

1i_)rr(1)e_2[r,f+m(x1, e X)) (X s XY (K 1s - e X))

"M§

{ I | r(xk)} (3.2
k#j, k#=n+i

uniformly on compact sets of T',, ,,.(0).
We note that (F1) and (F2) imply

lim (£°())°(8)) = [ dxidesh(x,2)(x1)g (x2)
+fdx1f(x1)g(x1)’(x1) (3:3)

So h(x;, x,) + 8(x; — x,)r(x;) is the kernel of the covariance matrix of the
initial field. In particular,

lime![ (X(f)") = (X<(/)i] =0 (34)
which implies by (Cl) and (C2)
(X e ovs )= JU r(x;) (3.5)
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in (2.11). For the initial conditions (3.5) the solution of the integral
equations (2.13) is given by

n
Fa(X1s oo X t) = ] r(x550)
j=1
where r(x;,?) is the solution of the Boltzmann equation with initial condi-
tions r(x,),

r(t) = Sy(or +fotds Si(t — 5)Cor(s)r(s) (3.6)

(C1) and (C2) imply (g, p) < Mzhg(p). Then (F1) and (F2) imply h(x,, x,)
= h(x,,x;) and h(x,,x,) < M’z’zhﬁ,(x,)hﬁ,(xz).

If p° is the sequence of grand canonical equilibrium states with
fugacity z, = € %z and inverse temperature §, then using the Mayer expan-
sion one shows that (F1) and (F2) are satisfied with A(x;,x,) =0, r(g, p)
= zhg(p), and z' = ez, B’ = B.

To state our result we need still some further definitions. Let C,,, be
the collision operator linearized at (1),

(Coffen=f _  ddsé (p=p)

x[r(g, P )f(a: P') + r (9 P (g 1Y)

—r(g, pu0)f(9: p) = r(g: p-0)f(3: )] (3T)

Since r(7) is defined only for 0 < t < #(z, B), so is C,,,. We define the
propagator U(z,s) as the solution operator of the linearized Boltzmann

equation in its integral form

U(t,s)f= Sy(t — s)f + f ‘ds' S\(t = N [ U,9)f]  (38)

Let C, be the class of continuous functions on A X R?® bounded by some
Maxwellian. Then in C, the integral equation (3.8) has a unique solution
for 0 < s < t < t,(z, B). The same is true for the solution U*(¢,s) of the
adjoint equation.

We define for f, g € C, the recollision operator

5 1,1,2,2=8 17 92
[R(f, ©)1(90 P02 P2) = 8(01 — @) 69)

. &+ (p, = p){ f(92 P2)8(91> PD)
o (p2—p1)>0
~f(42: P2)8(q1 P1) }

Theorem. Let the correlation functions of the sequence of initial
states u* satisfy (C1), (C2), (F1), and (F2). Letf, g€ C;,. Thenfor0 < s < ¢
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< to=min[ty(z, B), t(z', B))]
lim (£°(f,1)6°(&:5)) = f dxy f(x)(U (2 5)gr (s))(x1)
+fdx1a'x2 F(x0)g(x)(U(t,0)U(s, 0)h)(x}, x5)

+fosds’fdx,dxz(U*(t,s’)f)(xl)
X(U*(5,5)8)(x2)(R(r(s), r(s))(x1-x2)  (3.10)

Remark. 1f the kernel of U*(z,s), in the distributional sense, is

denoted by U*(#,5)(x,x,), (U(t,9)f)xy) = [dx, U*(t,s)(xy, x,)f(x,), then
the kernel of the covariance of the fluctuation field is

U*(8,5)(x1, x3)r(x3,8) + (U(£,0) U (s, 0)h)(x,, x,)
+J:ds’ [ U(t,s") U(s,s’)R(r(s’),r(s’))](xl,xz) (3.11)

Remark. In thermal equilibrium r(s) = zk,; and, since R(kp,h,) =0,
the third term of (3.11) vanishes. Let us define the linearized Boltzmann
operator L by Lf= Lhﬁ(hﬁf). [L,, corresponds to linearizing as r(¢) + f,
whereas L corresponds to linearizing as hg(1 + f).] Let 3 = LY A X B3,
zhg(p)dq dp) with scalar product (- |->. L generates a contraction semi-
group in 3. For the grand canonical ensemble 2 = 0 and the covariance is
given by (fle’" %>, which coincides with the result obtained in Ref. 1.
For the canonical ensemble the constraint on the number of particles
results in h(x,, x;) = — zhg(x,)zhg(x,) and therefore the covariance is given
by {fle™"9g) — (fIP,g) = {f— P, fle"“"Xg — P, g)), where P, is the
orthogonal projection onto the constant function.

Proof. (i) the perturbation series. Let (Vé(t)r‘)n = r;(t) and let

(A(g)re), (xp - -5 %,) =l 21 g(xj)}rn‘(xl, cees Xy)

B=
(A(g)r),=0
(B(g)r‘)n(xl, ) =fdxn+1g(xn+1)r,f+1(xl, ce s Xpgy)
Then
(ELDE(89) = [(X(LDX(89)), — (X(S0) (X (&9),]
= [[dx, f) (V1= 5)[A(8) + € B(&) ] V(5)r°} (x1)

—e2 f dx, f(x)ri(x11) f dx, g(X)ri(x8)  (3.12)



Fluctuations Around the Boltzmann Equation 295

By Lanford’s theorem
fim [ dx, f)(V( = ARV )(*)
= [ dx, f)(V (1 = ARV ($)T)(%)

Since (V(s)r), = [[r(s), the Boltzmann hierarchy (2.13) has to be solved
with initial conditions

Fa(X1s + o s Xy) =[ i g(xj)} le(xj,s) (3.14)

j=1 Jj=

(3.13)

One obtains

(V- s)r)n(xl, N ]gl {( U(t,s)gr(s))(xj) kglr(xk,s)} (3.15)
kj

(3.15) together with (3.13) gives the first term of (3.10).
In order to write down the perturbation series for the B(g) term, we
have to define various collision operators. Let

(B(x)r€) (%15 -« -5 %) = Ty t(Xps - s Xps X) (3.16)
(Ci(j’ Pn+l":)n+l)r€),,(x1’ st xn)
= nE+1(x1’ s X g + c(bn+l’pn+l)03n+l (P _Pj) (3'17)

forj=1,...,n, and let

C:jfn-i-l=fdpn+ld(ﬁn+lCc(j’Pn+l":>n+l) (3.18)
Then
e [[dxy f)(V(1 = 9)B(V (5)r),(*)

de, - - - dtnfdxldxz F(x)g(x2)

o0
n=0»£)<t,,-~ Sh<s<h_ < -0 <<t
k k+1

Ji=1ja=12 Je-1=13 je=1
n+1
: '21 [Si(r = 1) Ci385(t — 1)
In=
o SE(em1 — S)B(x) X Si(s — 1) Gy k42
Tt Cj:,n+2Srf+2(tn)rrf+2](xl) (3'19)

The index k is determined by 7, < s <1, _;.
We concentrate now on one particular term of the pertubation series
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(3.19) and we will worry about convergence of the series uniformly in e
later on. Let us fix n, 0 <, < -+ - <f, <s<f_ <+ <y <tanda
sequence {j,...,j,}. At time zero we have n+ 2 particles labeled
{1,...,n+2}. 1is the label of the particle present at time ¢ and 2 is the
label of the particle adjoined at time s. {1, ..., n + 2} is partitioned into
two sets M,;,M, depending on whether the particle labeled j,, is
“mechanically connected” to either particle 1 or particle 2. Formally M,
and M, are constructed by iteration: 1,j,...,j,_ €M, 2€ M,, and
m+2eM ifj, €M, m=k,...,n For simplicity particles with labels
in M, are called 7 particles. ’

The contribution to the pertubation series of this particular term is
then

I+(E,t1,...,tn,jl,...,jn)
=1,(¢)= €—2fA ( )dxldxzdPsd‘:h s dp, 26, f(x1)g(X2)

X[ SH(f = 6,)C(jir p3rB3) -+ - Si(tumy — 5)B(x2)
X Sg41(8 = 1) C(Js Prs2sPps2) * * - S:+2(tn)’;+z](x1)
(3.20)

The definition of A, () = A, (¢, ..., 1,5 Jp - - -5 f,) Will be given in
a moment.

We will use the following notational convention. The dependence on
ty ooy by Jis - - -5 J, is suppressed unless necessary. Subsets of A, (¢) will
be denoted by further arguments A, (e, . . . ). The integrands are denoted
by I, (e, ...) with arguments not yet summed over. For example, I, (e,
Lo oovs by J1s o v oo Jus X1 X2, P35 B35 o o o5 Ppyas @, 4,) denotes the integrand
of (3.20) and 7, (e, ¢y, ..., t,) denotes I, (e,¢;, ..., ¢, ji, - - - »J,) summed
over j,, ..., j, From the arguments appearing in /, it should be plain
what quantity we consider. The limit of 7, (¢, . . . ) as e—>0 is denoted by
I.(...)

The integrand of (3.20) has a simple constructive meaning. We start
particle 1 at x, = (g;, p;) = x,(?). It evolves backwards in time under the
hard sphere dynamics for a time span ¢ — ¢, to ¢,(¢,), p,(¢,). Then particle 3
is adjoined at ¢,(#;) + ed, with momentum p;. These two particles evolve
backwards in time under the hard sphere dynamics for a time span ¢, — £,,
etc. At time s we adjoin the particle 2 at ¢, with momentum p,. This
construction defines, in principle, x,(0), ..., x,,,(0) as a function of
X1y Xgs P35 @35 « « o s Puy2>@®ypo and therefore r; o[x,(0), ..., x,,,(0)]. The
construction may break down because of two reasons. (i) The particle
adjoined at any one of the time points ¢, ..., s, ..., , overlaps with the
particles already present at that time. Let 5(5) C(AXRY X (R*x $%" be
the set of points for which such an overlap does not occur. (ii) At some
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point of the construction one reaches a singular configuration beyond
which the hard sphere dynamics is not defined (cf. Section 2). In this case
the dynamical trajectory to be constructed from x;,x,, ps3,&;, .. ., Poyos
3,42 € A(€) remains undefined. From the work of Alexander we know that
the set of such points in A(e) forms a set of dx, dx,dp,dd, - - - AP0 d, s
—measure zero. Excluding this set of measure zero from A(e) defines
A, (e).

We proceed by writing out the pertubation series for [dx,dx, f(x,)
glx)ri(x, )ri(x,,s). We note that this series is given by (3.19) together
with the rule that collisions between 1-particles and 2-particles are ignored.
To be more precise: Fix again ¢,,...,¢,andj,,...,j,. Then M, and M,
are uniquely defined. Let S¢(z) denote the time evolution of m hard
spheres, such that collisions between particles with labels in M, N
{1, ..., m} and particles with labels in M, N {1, ..., m} are ignored. Let
us define ’

I S CR T U A
=19 =€ dxidxadpdds - dpyiaddia (X)E(X)

X[Si(t = 1)C* (i 3 3) - - - Sraa(t)Fin ] (1) (3:21)

[cf. (3.20), where 77, o(xy, - - s Xpy) = F(Xpes oo Xp IFH(Xp - - -5 Xp L s
(koo k=M {kyitr - sk, = M,, and where A_ (€) is defined
as A, (e) ignoring collisions between 1-particles and 2-particles.] Then

f dx,dx, f(x1)g(x2)ri(x, £)ri(xy,5)

o]

= f dt, .. .dt,
n=0v0<1t, - <H<I<[_ < K<L
n+1
XD > s DT (6t i) (322)
j1=1j2=1’3 jn=1
[cf. (3.19)].
(ii) Partition of A, (e) and A_(€). For x, x5, p3, 83, . . . Py @psn
€A, (e), let 7= 7(x,X5, p3, ..., &,,,) be the time of the last collision

between l-particles and 2-particles. We drop a set of measure zero from
A, (e) corresponding to a simultaneous collision of two pairs of 1-particles
and 2-particles at time r. After time 7 only collisions between 1-particles by
themselves and between 2-particles by themselves occur. Then we define

By (en+1)= (X, 383y .o PinsBrys €A, (6)]
no collisions between 1-particles
and 2-particles occur} (3.23)
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and
Aj(em)={x;,X,ps ., B2 EAL()|TE L, 12,0} (3.24)

with m=k—1,...,n, t,_;=s5, t,.,=0. The decomposition A_(e) is
defined in the same way. 7 is now the time of the last overlap between
1-particles and 2-particles. The partition (3.23) of A, (¢), respectively, (3.24)
of A_ (e), is inserted in (3.20), respectively, in (3.21).

(iiiy Discussion of I, (e,n+1) and I_(e,n+1). Clearly A, (,n + 1)
=A_(e,n+ 1) and on A, (e,n+ 1) (3.20) and (3.21) are identical except
for the initial condition. Subtracting both terms the initial correlation
functions are € “(rs, , — 75, ,). By (F1) and (F2) they satisfy the conditions
(C1) and (C2) of Lanford’s theorem. So

}i_r)%l+ (en+1)—1I_(en+1)
=fdx,dx2f(x1)g(x2)[Sl(t— 1)C 5+ Se(te—y = 9)
XB(X)Si41(5 = 1)+ CpnaaSus2a(Bn) s | (¥1) (3.25)
with

n+2
Fasad(Xp oo X)) = 2 D {h(x!-,xmﬂ.) kHI r(xk)} (3.26)

iEM, jJEM,

k#i k#=m+j

Note that (3.26) is symmetric only under permutations of particies within
one group.

We add up all terms of the pertubation series of the form (3.25). This
yields

[ @ gV = [ Wer] o)) (327)
W (1) is the solution operator to the two-particle Boltzmann hierarchy

d
—rm,n(xl, RN 2 TR ,yn,t)
ot

( Zp,

aqz Jj=1

+ 2 (Ctm+1 m+1n)('x1’ Tt ’.yn’t)

+ Z ( jn+1mn+1)(xla""_ymt) (328)
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The initial conditions r in (3.27) are

P (K15 o o os Xy Plo o v s V) = > 2 {h(xi,yj)kl;ll kglr(xk)r()’k')}

i=1 j=1
ki k'#j

(3.29)
For 0 < ¢ < ¢, the solution is obtained as

rm,,,(xl, e Xy Vs e s Vs S)

=3 ﬁ{(v(s,O)U@,O)h)(xﬁy» 1 r(xk,s)r(ykr,w} (330)
j=1 k=1k=1

i=1
ki k')
The components {r,,, (X}, ..., X, y;,8)|m=1,2,...} define the initial
conditions for V(z — s) yielding

[V(t - s)r(yl,s)]m(xl, ces X))

.
= 2 {(U(t, 0)U(s,0)h)(x;, y1) [1 r(xk,t)} (3.31)
£
The first component of (3.31) results then in the second term of (3.10).
(v) Discussion of I, (e,m), m=k —1, ..., n. In (iii) the prefactor ¢~
was cancelled by clustering of the initial state. For I, (¢,m), m < n, we will
have to cancel the prefactor € ~? by forcing one additional collision.
We partition A, (e, m) into {A, (¢, m, 1, j)}, where

2

A, (&myi, j) = {X1, X3, P3: B3y + s Prs2s Brun € Ay (m, €) | the collision
at time r €[¢,,, ,¢,) is between
particle i € M| and particle j € M,)}
Let us define

(RE(@yd, J)re), (X5 -« 5 Xp)
=& (p—PYa(Xts -G Piv - > G H €, pi ., x,)  (332)
Then we have the identity
I, (e,m,i,j)=f_ drdddp dx,dp;ds - - - dp, ,d, 5
A

+(em, i, )
X f(q1 P) (%) S1(2 = 1) C*(ji> P3-%3)
e SE(hoy $)B(X3)Si (s — 1)
“ Spsatn = DIRUD, 4, [)Spaa(T = ls)
X C (ms 1 Pma3sGmss) " Siva(t)risa](qu pr)  (3.33)

(3.33) results from a change of variables of g, to 7, & achieved in the
following way: For qq, p1, Xy, P35, B3+ o Pryar@par EAL(e,m, 0, )| 7T
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€ (2,1, 4, 1s the time of a last collision between particle { and particle ;
such that after r there are no further collisions between l-particles and
2-particles and & is given by ¢,(7) = ¢,(7) + €®. This defines & and 7 as
functions on A, (e, m,i, j). Let A, (¢, m,i, j) be the image of A, (e, m,i, J)
under this mapping. Conversely, since l-particles and 2-particles do not
interact after time 7, the history of the 2-particles between time 7 and 5 and
therefore g;(7) is well defined and independent of the coordinates of the
l-particles. Let us construct the history of the l-particles between time 7
and ¢. Because of the periodic boundary conditions, if ¢, is shifted to ¢, + a
while keeping p,, p;, @, . . . fixed, then g,(7) is shifted to ¢,(r) + a. There-
fore ¢, is uniquely defined by requiring

(N =aq(r)+eb,  (p(r)=p(r)) 6>0 (3:34)
By construction ¢,—>7,& is one-to-one as a map from A, (e, i, j,m) to
A, (e, j,m).
The Wronskian 3(q,(7))/9(1d) = €& - ( p;(1) — pi(7)) and, because of
periodic boundary conditions, the Wronskian 9(g,)/9(g;(7)) = 1. Therefore
the volume element transforms as

dg, = €6+ (p(m) — pi(7))drdé (3.35)
which is taken into account through the definition of R<(&,1, /).

(iv) Uniform Bound. The limit €~ 0 is proved by dominated conver-
gence. So first we should obtain a bound uniform in €. In (3.33)

|I+ (5, t,‘:’s PrXas .- >Pn+2":’n+2’j1’ s ,j,,,i,j)l
<z ()l +1psl) - - (lpD+ (D) - - (17,89 + | Pasal)
n+2
X Mz" x5 o(41(0), - - -, 442(0)) H1 hs(p;(0)) (3:36)
j=
since |&- (p; — p)| < |p| +|p| and by the assumed bound (C2) for ry,,.
Here x;(¢y, - - - » 4,) = 0 whenever |, ~ ¢ < e and x;(g;, . - -, ¢,) = 1 oth-
erwise. In (3.36) we sum first over all pairs i, j, and then over all j,, . . ., j,.
Then, using
n n 1/2
2 lpl< (n > pf) (3.37)
j=1 j=1
we have
m+2 172
Ha(e - Bl <(Ipa(t)l + |psl) - - ((m +2) 21 Pj(T)z)
i=
n+1 1/2 }
X (m+2)- - { (et ) 3 p Y|+ Dl T
In=

n+2

X Mz" 2% (q1(0), - - -, Gy2(0)) Hl hg(p,(0)) (3.38)
=
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By stationarity of the equilibrium distribution

n+2
X;+2(Q1(0)’ s qn+2(0)) J_I;Il h,B(Pj(O))
n+2
= X;+2(ql(tn)’ MR qn+2(tn))jl;Il h,B(Pj(tn))
n+1

< er+1(ql(tn)’ MR qn+1(tn)) jI=II hﬁ(Pj(tn))hB(Pn+2) (339)

Together with conservation of energy this implies the bound
n+1 1/2
A 2
o6 o Gua)l <(pa()l +1psl) - - {(” +1) _E_IPj,,(tn—l) ]

+ ((n + l)'Pn+2|)MZn+2 €+1(q1(tn 1) s ’qn+1(tn—1))

n+1

X H hg(Pn+1(ta=1)) 1 (Pu+2) (340)
j=1
Finally, by iteration,
m+2 1/2
Lo(6 s Gl <(pil +1psl) - - (m+2){(m+2) 2 p,}
izl
n+1 172
{ (n+1) 'leji + (n+ 1) p,al
./n=
n+2
XMz"** I hg(p) (3.41)
j=1

We add the contributions of A(e,m), m=k —1,...,n, and perform the
multiple time integrations. This yields then a bound on the pertubation
series for particle histories with at least one collision between 1-particles
and 2-particles:

n+2

S 3 H(emlc ¢ 3 L ne) [ dpy- + ez [T a(p)

=1m=k—1

1=1

2 1/2
xl(z s p,%) +20p
J

n+1 172
0+ 05 2) + o+ ipd
Jn=

n m+2 1/2
x{ > (m+ 2)3/2( D pj?) } (342)
j=1
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(3.42) differs from the bound in Lanford’s theorem only by the term in the
curly bracket. Its contribution is of the order n°/? to the nth term of the
sum. So (3.42) converges provided ¢ < #y(z, B).

(ivh) Term-by-Term Convergence. We want to prove the limit as e >0
of I, (e,m,i,J) [cf. (3.33)] By (3.41) dominated convergence may be
applied. Let us construct the particle history as described before with
particles now considered as noninteracting point particles. More precisely:
We place a point particle at ¢, = g,(s) with momentum p, = p,(s). It
evolves freely backwards in time for a time span s — #,. Let j, € M, be the
smallest element in M, with j, > 2. Then we adjoin the point particle j; at
g5, = q(t) with momentum p,. To the pair py(#), p; we associate the
incoming momenta pi(%,), p;, according to &; - (p,(1) = px(%) and p; = p;,
if (ps(t) —p;) - &, > 0). Both particles evolve then freely a time span
t, = t,,, backwards in time, etc., up to time 7. Then the history of the
1-particles is constructed in the same way, where g, is uniquely determined
through the condition ¢;(7) = ¢,(r). We require also that (p,(7) — p;(7)) - &
>0 which is an implicit condition on range of p;,x,, p3, &3, . . ., Pryas
@42+ By (2.1) & determines the incoming momenta p/(r) and pi(7). Then,
finally, the particle history is completed up to time zero. A, (m, i, j) denotes
the allowed set of 7,&, py, Xy, P3, @3, -« s PrynsDpyn. Let AL (0,m,i, j)
CA,(m,i,j) be the set of points such that its corresponding particle
history has, besides the ones described above, no further points where two
particles spatially coincide at some time.

Let
(R(O,(.G,i,j)r)n(xl, e X)) =0 (pj -p)
Xrn(x,,...,q,-,p;,...,q,-,pji',...,xn)
(3.43)
and let

(C(j’pn+l7"3n+l)r)n(x19 sy xn)
=& (Part = PY(Fnir( X5 -5 G P - - s s Prv1)
_rn+1(xl’ tety qj,Pja se e qj’ pn+l)) (3-44)

Let A CA,(0,m,i,j) be compact. Then € can be chosen so small that
AcCA + (em,i, j). Let x;(,0) be the position and momentum of the jth
particle at time zero considered as a function of 7,d, py,x,, p3,@;,

+'s Pn+2:@n4 s constructed in part (iv) of the proof and let x;(0) be the
position and momentum of the jth particle at time zero as constructed
above. Then on 4, x,(¢,0), . . ., x,,,(¢,0) are continuous, vary in a com-
pact set of I',,,(0), and converge as e—>0 to x,(0), ..., x,,,(0). (C2)
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implies then that the integrand of (3.33) converges on 4. Since A, (m, i, j)
\A, (0,m, i, j) is of measure zero, by dominated convergence

im /. (em,i, j) = fh(m,i,j)dfdadmdxzx dpydisy - - - dp, .y dd,

X f(q1s PO (X[ Si(t = 11)C (s 3> B3)
w o Sp(Be— 1 — ) B(X2)Spei (5 — 1)

* Spaa(tn = TR (0,8, )
X 8pt2(T = bt DC (s 1 Pt 3 Bonss)

: Sn+2(tn)’n+2](‘]1:]’1) (3.45)

. 2
with r,,+2(x1a Ceey X)) = ;:lr(x/)'

Let
(R (@50, Yr)(xps -« -5 Xy)
=<3-(pj—p,.)><rn(x1, s G Piy e .,qi,pjf, .. .,xn)S(q,-—qj)
(3.46)

We reintroduce the ¢, integration and obtain

lim 7, (e;m,i, j)

=" Jr [ dx dxydpyddy - dp,.2dd,
b ((AXRY) < (R3x §%)

dA - C j 2 ’ &
XL'(PJ'_Pi)>O & f(x)g(x)[ 11 = 1) C (i P32 B3)
C Sl = ) X B(X3) S 1(S — %)
“Spaatn = TR (D4, )81 2(T = i)
* Spe2(ta)rue2) (%)) (3.47)

Remark. If specularly reflecting boundary conditions are imposed,
then the function g, —> 7, & is not one-to-one, in general. In fact, because of
focusing, there may be infinitely many ¢,’s satisfying (3.34). In principle,
one should partition A, (e, i, j, m) such that on each element of the ¢, —> 7,
& is one-to-one. However, even then the difficulty of obtaining uniform
bounds on the Wronskian remains. Formally (3.47) is still correct. Instead
of (3.35) the volume element transforms as

dg, = €(3(q))/(q(T))é - (p(7) = pi(7)) dr dé (3:48)
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In the limit € >0, d(g,)/9(g;(7)) is the correct volume element for the §
function appearing in (3.47).

(v) Discussion of I_(e,m), m=k—1,...,n The proof of conver-
gence of the term /_ (e, m) parallels the one for I, (e, m) given in part (iv).
We partition A_ (e, m) into A_ (e, m, i, j) according to the pair of particles i
and j touching at time 7. Then the g, integration is changed to the drdd
integration. ¢, is still defined by (3.34). Particles i and j touch at time .
Backwards in time they simply pass through each other. So p,(7) and pi(7)
are the same just before and just after touching. The uniform bound for
I (e ...,d,,, is identical to (3.41).

Let

(R_(@,4, Hr)(xp - - -, x,)
= (:’ ' (Pj _pi)rn(xb MR qi’ pi’ e ey qjy Pj’ e ey xn)s(q,' - qj) (3.49)

for & (p; — p;) > 0. Then, by the same argument as used before, I_ (e, m,
i, j) converges to (3.47) with R (&,1, j) replaced by R_ (&, 4, j) as € > 0.
Adding 1, (m,i, j) and —1_(m,i, j) results in (3.47) with R, (&, 5
replaced by R(&,4, j) = R, (4,1, j)) — R_(&, i, j).
Finally we have to sum the pertubation series. One obtains

[ [ dxidy, feg (V= [ Wis = Dr(m)] () (x1) (3:50)
[cf. (3.27)], with initial condition

Frnn(X1s o ooy Xpps Y15 =« - ,y,,,f)

= ,21 ,21 {R(I‘(’T),r(’r))(xi, yj)kHI kI_IIr(xk,T)r( yk,,fr)} (3.51)
ki k%)
By the same argument as in part (iii), (3.50) with initial condition (3.51)
results in the last term of (3.10). W

4. CONCLUSIONS

Let us assume that the limiting random field &(f,r) is Gaussian. Then
£(f,t) has mean zero and covariance (3.10). In formal derivations, usually,
one tries to write down a stochastic partial differential equation for the time
evolution of the fluctuation field. Let us define the fluctuation field point-
wise by &(f,1) = [dqdp f(q., p)&(q, p.t). Then the fluctuations around the
solution of the Boltzmann equation are governed by

58;5(4, = —p%ﬂq, O+ Cuiep)+ F(g.py (A1)

[If &g, p,0) is Gaussian with mean zero and covariance (3.3), then the
solution of (4.1) with this initial condition is Gaussian with mean zero and
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covariance (3.10).] C,,, is the linearized Boltzmann collision operator
defined in (3.7). F(q, p,t) is a Gaussian random force with mean zero and
covariance

fdpdﬁ g(P)(P){F(g p.)F(q. p:1))

=80 =00 Df  dpdpiddis (p=p)
Xr(q, pi,r(q: P 0){ g(p) + g(p) — g(p) — 8(p)}
X{f(pD)+ f(p)— f(p) — f(P)} 42)

The evolution equation (4.1) contains linearized field equations which
evolve deterministically the fluctuations present in the initial state. (In the
case of the Vlasov equation that is all what enters, i.e., F =0 for fluctua-
tions in the mean field limit.) In addition (4.1) contains a fluctuating force
due to the microscopic background. Our proof singles out precisely those
microscopic events which produce this random force and shows that all
other dynamical events are of probability zero in the low-density limit.
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